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A simple variational calculation, based on a Heitler—London wave function, is used
to describe the high-pressure properties of solid hydrogen at 0 K. The system
properties are expressed as a power series in h, which is utilized to investigate the

onset of classical behavior. The high-pressure results for the energy and the pressure—
volume relation are in close agreement with a recent calculation which used the
Domb—Salter approximation. Information is given on the pressure dependence of
the two-body correlations in the solid.

1. INTRODUCTION

There has been recent interest in the high-pressure properties of the quantum
solids, especially the isotopes of hydrogen. This interest is partially motivated by
efforts to produce a high-pressure metallic phase of hydrogen and also by the
belief that the Jovian planets are composed mainly of solid hydrogen.!

It is speculated that, at sufficiently high pressures, the molecules of these
solids become sufficiently localized so that approximations commonly used for
heavy solids, such as the various harmonic approximations,? can be employed.
Such calculations are known to be unacceptable for quantum solids at low
pressures.3

Krumhansl and Wu* (KW) have calculated the pressure-volume relation
for solid hydrogen using the cluster-expansion approximation developed by
Nasanow.® In this theory the wave functions are assumed to be of the form

N N
W(’_'l,---”_'zv)=n¢(fi) Hf(rjk) (1)
i=1 j<k
where the ¢(F,) = ¢(F; — R, are single-particle functions localized about their
equilibrium lattice sites R;, and the f(r;) are functions which introduce short-
range correlations between pairs of molecules. Using an exp-6 interaction potential
and suitably parameterized forms for f and ¢, they truncated the cluster expansion
at second order and minimized the ground-state energy with respect to the
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Fig. 1. The P-V curve. The solid line represents the results of

the present theory. The various dots represent the results of

other theoretical calculations and the data of Stewart,® as
indicated on the graph.

parameters. Their results, shown in Fig. 1, do not compare well with the experi-
mental data of Stewart® at the higher pressures, although that data may be subject
to further refinements. However, the theory itself may be a source of the difficulty
since it is known to have certain deficiencies. Another possible source of error in
their work is the use of a spherically symmetrical potential which, for H,, may be
a poor approximation. Bruce’ has recently performed a calculation on H, \{ng
a wave function of the form of Eq. (1) which avoids some theoretical difficulties
in the cluster-expansion approximation. They use a Monte Carlo scheme
like that employed by Hansen and Levesque® for helium. Another approach to
the problem, a self-consistent T-matrix approximation, has been used by Ebner
and Sung.’ Their calculated P-V relation is virtually identical to the KW results.
The calculation described in this article is motivated by the possibility that,
for increasing pressures, the overlap of the wave function between neighboring
lattice sites becomes small and that the molecules become increasingly localized.
This condition would lead ultimately to classical behavior and a simple description
of high-pressure solid hydrogen. Some evidence of this possibility is found in the
pressure dependence of tunneling processes in solid *He.'? The tunneling, which
depends on the overlap between neighboring sites, is substantially reduced at
high pressures. Under the conditions just outlined an expansion of the system
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properties in powers of #1 is a useful way to investigate the onset of classical behavior.
A variational approach developed by Bernardes'' is ideally suited for this investi-
gation. A description of that theory is given in Section 2.

2. THEORY

The wave equation for a system of N interacting particles can be written in
the form

l: lZZV2+(28)Z .,)] = (E/ely 2

where X;; = 7;;/0, a dimensionless length. The potential is
V(x) = 4e[x~ 12 — x~9] (3)

and A? = (h*/2mec?),mbeingthe particle mass. For ’H, ¢ = 37 Kandg = 2.93 A.'2
The variational wave function is

YFy,... Fy) = H¢(r —R) 4)

For simplicity ¢(x) is chosen to be of the form
¢(x) = (n/2a°)'?[(sin |nox/a)/(|nox/al)]  x < afo (5)
ox)=0 x> ajo (6)

where a is a variational parameter to be determined. These conditions are just a
statement of the Heitler—London method, where each wave function is localized
about its lattice site and is not allowed to overlap with wave functions of neighbor-
ing sites. Such an approximation is consistent with our original statement of the
problem.

Using Egs. (4)6), the expectation value of the Hamiltonian per particle
becomes, in dimensionless units,

E = (H/Ney = E, + Aa"2 + ) a?4, (7
n=1

where « = a/no. For a close-packed lattice, the static intermolecular energy E,, is
E, =3[CV™* = 2CeV 2] (8)

where C, and C,, are lattice summation constants'* and V is the volume in units
of No3.

Ay = 10°[59V 143 — 284y ~813]
A, = 10%[36.7V - 16/3 _ 523y ~10/3]
A; = 10%[184V % — 9.8V 4]
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Following Bernardes,'! we truncate the series in Eq. (7) after the n = 3 term and
minimize E with respect to «. Similarly, the pressure is determined from the
expression P = —0JE/0V. At high pressures, it is sufficient to keep terms only to
order # in the expressions for E and P. In this case only the n = 1 term is kept in
Eq. (7). The energy and pressure then become

E(V) = E(V) + 2A4,(V) ©)
P(V) = 2[C,,V ™35 — CgV 3] + 1144V ~1983f(V) (10)

where f(V) = (1 — 027V?)/(1 — 0.48V?)'2, In Eq. (9) E,, can be interpreted as
the classical contribution to the energy, and the second term is, to first order in #,
the zero-point energy. It is Egs. (9) and (10) which are particularly useful in studying
the onset of classical behavior at high pressures.

3. RESULTS

Figure 1 shows the pressure-volume relation for close-packed solid H, at
0K, from 22.65 to 11 cm®/mole. The solid line represents our calculation obtained
by taking the volume derivative of Eq. (7), truncated after n = 3. Higher order
terms were found to be negligible, except at the lowest pressures where the theory
is not expected to be very accurate. The calculations are compared with other

theories mentioned earlier*”-® and with the experimental results of Stewart.®

Our results coincide with those of KW* and others”*® for volumes V = 17 cm3/mole,

but not with experimental data. It is interesting to note that our results agree
surprisingly well with experiment in the regime ¥ > 17 cm®/mole. The extension
of the calculations to very high pressures (~2 x 10° atm) is shown in Fig. 2.
For comparison, results obtained from a Domb-Salter approximate calculation'*
are displayed. The two different theoretical approaches give essentially identical
results. The energies do not agree as well as the P-V relations at the lower pressures
(E ~ —62K at 22.65 cm3/mole compared with an experimental result of —92 K).
However, for all ¥ < 13 cm?®/mole our calculated energies agree very closely with
KW and the Domb-Salter approximation of Pollock et al.'*

To investigate the onset of classical behavior, the pressure was calculated at
small volumes using Eq. (10), which is quite accurate for volumes V < 13 cm3/mole.
The ratio of the second term in Eq. (10) to the total pressure gives the relative
zero-point contribution to the pressure. The zero-point motion contributes less
than 5% to the total pressure for volumes less than 3 cm?/mole. A similar con-
dition obtains for the energy. Hence, below this volume the systems behavior is
essentially classical. This regime corresponds to pressures above 1.5 x 107 atm.

4. DISCUSSION

This simple Heitler—London calculation, being an expansion in powers of #,
is well suited for investigating the high-pressure properties of hydrogen. It is
clear that the system approaches classical behavior at high pressures, not only
from the analysis of Egs. (9) and (10), but also from the fact that the ratio of the
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Fig. 2. The P-V curve at high pressures. The solid line represents
the results of the present theory. The dots represent the theoretical
calculations of Pollock et al.'*

calculated kinetic energy to the potential energy decreases monotonically as the
pressure increases. The onset of classical behavior is easily recognized. The lack
of theoretical agreement with experiment at higher pressures may well be due to
the use of an inadequate interaction potential. This interpretation is particularly
plausible since our calculation agrees so closely with other quite different theoretical
approaches at high pressures. The success of the theory at low pressures is inter-
esting.

Finally, an interpretation of the pressure dependence of the pair correlation
function f(r) in Eq. (1) is possible in terms of this theory. The boundary condition
¢(x) = 0 for x > a/o can be interpreted as equivalent to a step-function form for
f(r). The pressure dependence of f(r) is then determined by the behavior of a.
Our calculations show that a decreases by approximately a factor of two as the
volume is reduced from 22 to 11 cm?/mole. The location of the step in f is shifted
from x = 0.895 to x = 0.83 as the volume is decreased in this interval. In terms of
Eq. (1) the particles become more localized as the pressure is increased, as
evidenced by the narrowing of ¢(x). In addition, as the pressure increases, the
position of the step in f(r) is shifted further into the region containing the strong
repulsive potential core. These results tend to support the notion that the shape
of f(r) is fairly sensitive to changes in the volume.




0

R. D. Etters, J. C. Raich, and Prakash Chand

REFERENCES

. C. DeMarcus, Astron. J. 63, 2 (1958).

M. Born and K. Huang, Dynamical Theory of Crystal Lattices (Oxford University Press,
xford, England, 1954).

. W. deWette and B. R. A. Nijboer, Phys. Letters 18, 19 (1965).

. A. Krumhansl and S. Y. Wu, Phys. Letters 28A, 263 (1968).

. H. Nasanow, Phys. Rev. 146, 120 (1966).

. W. Stewart, J. Phys. Chem. Solids 1, 146 (1956).

AL

(P

Og’i

Bruce, Cornell University, Ithaca, New York, 1971, preprint.
Hansen and D. Levesque, Phys. Rev. 165, 293 (1968).
. Ebner and C. C. Sung, Solid State Commun. 8, 1903 (1970).

. R. A. Guyer and L. I. Zane, Phys. Rev. 188, 445 (1969).
. N. Bernardes, Phys. Rev. 120, 1927 (1960).
. N. Bernardes, Phys. Rev. 120, 807 (1960).

. J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular Theory of Gases and Liquids (John

Wiley & Sons, New York, 1954).

. E. L. Pollock, T. A. Bruce, G. V. Chester, and J. A. Krumhansl, Cornell University, Ithaca,

New York, preprint.




	(Etters, R.D.) (Ettmayer, V.P.) (Evans, L.F.)-422_OCR
	(Etters, R.D.) (Ettmayer, V.P.) (Evans, L.F.)-423_OCR
	(Etters, R.D.) (Ettmayer, V.P.) (Evans, L.F.)-424_OCR

